SOLUTIONS TO SELECTED QUESTIONS IN HOMEWORK 12

MATH 241

12.1.6

1 . st
Proof. By our formula on the indefinite integral of e*sinx, < fi, f» >= L“ e*sinxdx = e* (5|,
3 7

Sn n .
eT(—%E + %j) - eﬂ(%i - g) = 0. So ¢* and sin x are orthogonal on [-Z, %”]. o
12.1.18
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Proof. < x4+ c1x* + cx’,x >=< x,x > +c; < X°,x > +cp < x°,x >, and < x,x >= X dx =
%(8 —(-8)) = ?, < x%,x >= 0 since x* - x = x° is an odd function, its integral on [-2, 2] must be zero, and
2
<X, x>= f—z xtdx = %(32 —-(-32)) = 65—4. So < x+c1x +cax, x >= % + 65—4c2. To make x + ¢ x% + c2x°
16
orthogonal to x, we want this to be zero, so ¢; = =3 = —%.
5
< x40+, >=< 0, x2 > 4+c; < X2, x% > 40 < X, x% > < x, x2 >=< x3,x* >= 0 since their

. . 2
product functions are odd functions, and < X2 x2 >= f—z xtdx = 65—4. So < x+c1x% + cax’, x% >= 65—401. To

make x + ¢;x% + o x° orthogonal to x%, we want this to be zero, so ¢; = 0. O
12.1.21
Proof. (b) sin x’s fundamental period is 2, so sin %x = sin( %x + 2m) = sin %(x + %n). So the fundamental

2n

period is %n. In general, sin wx or cos wx’s fundamental perido is <}

(e) sin 3x has fundamental period %n, cos 2x has fundamental period =, so their sum should have funda-
mental period as the least common multiple of %n and zr. If we assume this number is 7, then there should

be two integers m,n such that T = m - %ﬂ' = n-n. This yields 7 = % The smallest positive integers m, n that

satisfy this is m = 3,n = 2, therefore T = 2 is the fundamental period of sin 3x + cos 2x. O
12.2.13
Proof.
ap = %[[Zdﬁfos(nx)dx] = §[5+(x+%2>|g] = %[5+5+§] :2+§: g

1 0 5 1 0 5 5
a, = —[f cos Exdx + f (1 + x)cos Exdx] = —[f cos Exdx + f cos Exdx +f X COS Exdx]
5°Js 5 0 5 5J 5 0 5 0 5

1 (S 5
= g[Is cos %xdx+](; X oS ’gjxdx]
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The first term is zero by period argument, and we calculate the second term by integration by parts:

1 3 1 1 3
gjo‘ X COS ns—ﬂ.Xd.x = g jo‘ Xd(% sin f’ls_ﬂx) = E fo‘ xd(sin %Tx)

1 > 1 (3 15 5 5((=1)" -1
= E[(xsin r;_nx)|(5)_jo‘ sin %Txdx] = _Ef(; sin ns—ﬂxdx = P cos %rx% = W(COS nn—1) = %

Similarly,

1 g L i
b, = g[[s sin %Txdx+£ (I + x)sin %de] = g[IS sin r;—ﬂde+L xsin %xdx]

The first term is zero by period argument, and we calculate the second term by integration by parts:

1 1 1 (5
gj; X sin ns—ﬂ-)Cd.x = gj(; Xd(_ns_ﬂ' CcOS %X) = —;rj(; xd(cos ns_ﬂx)

1 5 1 5 5(=1)"
= ——1[(xcos Tx)lg - f cos Exdx] = ——/[5cosnm — —sin Exlg] =- D
nmw 5 0 5 nmw nm 5 nm
Therefore the Fourier series for f(x) is
- 9 oS- -1 5(=1)"
%+ ancos%rx+bnsin%rx:Z+Z%cosgx—(n—ﬂ)sinrg—nx
n=1 n=1
O
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Proof.
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1 [ 1 . .
a, = — cosnxdx = — sinnx|y =0
7 Jo nm

(o)
so all the a;’s are zero, therefore ag + . aibk =ag=1. O
k=1



